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Abstract
Using the irreducible representations of the group SO(d+1), we discuss
the degeneracy symmetry of hydrogen atom in d-dimensions and calculate
its energy spectrum as well as the correspouding degeneracy. We show that
SO(d+ 1) is the energy spectrum generating group.
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1. Introduction
There is a wealth of references concerning calculations of energy spectrum
and degeneracy of Schrodinger equation with potential equal 1/r (i.e. hydro-
gen atom) in literature [1]. Almost all of them are confined within the limits
of our observed world. However, it is a common practice to consider (d+ 1)
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dimensional space-time, e.g. in the domain of string theory [2] or the Kaluza-
Klein theories [3]. We generalize the matter upto (spatial) d-dimensions and
evaluate the energy spectrum. Symmetry plays an important role in calcu-
lating the eigenstate of a Hamiltonian. Symmetry and degeneracy of energy
levels of a system are inter-related [4-7].
In Section 2., of the present paper, we show that the group SO(d+1) is the
degeneracy group of the d-dimensional Schrodinger equation with potential
1/r. By introducing d(d+1)/2 generators as the generators of the SO(d+1)
algebra which satisfy the commutation relations of the algebra, we show that
the Hamiltonian of the system is invariant under the group SO(d+ 1), and
that the Casimir operator of the SO(d+ 1) algebra gives its spectrum, and
also that the degeneracy number for a given energy is the dimension of the
irreducible representation of that group.
In Section 3., we introduce the hyperspherical harmonics which are them-
selves the irreducible representations of the rotation group in d-dimensions,
i.e. SO(d). Next in Section 4., the d-dimensional Scherodinger equation
in hyperspherical coordinates are calculated with the aid of these functions.
The derived energy spectrum is also compared with the result obtained in
Sectoin 2.
2. Schro¨dinger equatoin with potential 1/r and
degeneracy group SO(d+1)
We solve the Schrodinger equation by using the degeneracy symmetry of
the group SO(d + 1) in d-dimensions and show that it corresponds to that
of the analytical solution. This means, we must show that d-dimensional
Schrodinger equation has an SO(d+ 1) degeneracy symmetry, with a spec-
trum as calculated by the Casimir operator of that group. Also we obtain
its degeneracy number by finding the irreducible representation of the group
SO(d+ 1).
The generators and the Poissonian brackets of the rotation group SO(d)
satisfy the following relations
Lij = xipj − xjpi ; i, j = 1, 2, · · · , d.
{Lij , Lkl} = δjlLik + δikLjl + δjkLli + δilLkj .
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Now, one can easily transform these ’classical’ relations into quantum
mechanics and hence find the commutation relations. We also note that the
quantum mechanical Hamiltonian is the same as the classified one:
H =
d∑
i=1
p2i
2µ
− k
r
.
We remind ourselves that H is invariant under rotation, therefore
d
dt
Lij = 0. (1)
The quantum mechanical Range - Lenz vector is defined as
Mi =
1
2µ
d∑
j=1
(PjLij + LijPj)− k
r
xi ,
where µ is the reduced mass and k is a constant. Also note that Mi are
integrals of motion, that is:
d
dt
Mi = 0. (2)
So we have
[H,Lij ] = 0
[H,Mi] = 0 .
Also, the commutation relations between Mi and Lij are
[Ml,Mk] = −ih¯2H
µ
Llk , (3)
[Mi, Lkl] = −ih¯ (δilMk − δikMl) . (4)
Taking eq. (3) into consideration, we introduce generator M
′
i as
M
′
i =
Mi√
−2H/µ
. (5)
It is clrar that [
M
′
l ,M
′
k
]
= ih¯Llk. (6)
Eqs. (4) and (6) are the commutation relations of the group SO(d+ 1).
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Now, in order to calculate the energy spectrum of the Schrodinger equa-
tion for the potential 1/r in d-dimensions, we must first write the Casimir
operator for the group SO(d+ 1):
C = L2ij +M
′
i
2
(7)
Using the following commutation relations
[Pj , Lij] = ih¯Pi(d− 1),
[Pi, Lij] = −ih¯Pj(d− 1),
[Pk, Lij] = −ih¯Pjδki + ih¯Piδkj.
One can easily verify that
M2i =
2H
µ

L2 +
(
d− 1
2
)2+ k2.
Hence,
C = L2ij +M
′
i
2
=
(
d− 1
2
)2
− µk
2
2H
,
where we have made use of eq. (5) and
∑
i<j
L2ij = L
2.
The eigenvalue of the Casimir operator C for the group SO(d+ 1) is
C = n(n+ d− 1)h¯2 (8)
Therefore,
n(n+ d− 1) =
(
d− 1
2
)2
− µk
2
2En
, (9)
where En is the eigenvalue of the Hamiltonian.
Rewriting
n(n+ d− 1) =
[
n+
(
d− 1
2
)]2
−
(
d− 1
2
)2
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and substituting this into eq. (9), we obtain
En =
−µk2
2h¯2
(
n+ d−1
2
)2 . (10)
With regard to the commutation relations, where it is explicitly shown
that H commutes with all generators of the group SO(d+1), it is quite clear
that according to the Schur’s lemma [4, 5], the Hamiltonian must somehow
be related to the Casimir operator of the group. All quantum eigenstates
with energy given by eq. (10) belong to the irreducible represetation of
that group with eigenvalue of the Casimir operator given in eq.(8). The
degeneracy number is the dimension of the representation which according
to eq. (23) of Section 3. is equal to
g =
(2n+ d− 1)(n+ d− 2)!
n!(d− 1)! .
3. Hyperspherical harmonics in d-dimensions
We demonstrate that Gegenbauer hyperspherical harmonics are the ir-
reducible representations of the group SO(d). Then, using the tensorial
representations of the degenerate group SO(d), we calculate the dimension
of the representation.
The d-dimensional Laplacian in hyperspherical coordinates is defined as
∇2 = −L
2
r2
+
1
rd−1
∂
∂r
(
rd−1
∂
∂r
)
, (11)
where L2 contains angular components of the Laplacian and r is the radial
component in hyperspherical coordinates.
In d-dimensional hyperspherical coordinates, we have
x1 = rcosϑ1
x2 = rsinϑ1cosϑ2
...
xd−1 = rsinϑ1sinϑ2 · · · cosϑd−1
xd = rsinϑ1 · · · sinϑd−2sinϑd−1
with the length element as
ds2 = gαβdq
αdqβ
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with q1 = r and qi = ϑi, (i = 2, 3, · · · , d − 1) and where gαβ, the metric of
the space, is defined as
gαβ = diag(1, r
2, r2sin2ϑ1, · · · , r2sin2ϑ1 · · · sin2ϑd−2) .
Writing L2 in hyperspherical coordinate axis, we obtain
L2 =
1
sind−2ϑ1
∂
∂ϑ1
sind−2ϑ1
∂
∂ϑ1
+
1
sin2ϑ1sind−3ϑ2
∂
∂ϑ2
sind−3ϑ2
∂
∂ϑ2
+
+
1
sin2ϑ1sin2ϑ2sind−4ϑ3
∂
∂ϑ3
sind−4ϑ3
∂
∂ϑ3
+ · · ·+
+
1
sin2ϑ1sin2ϑ2 · · · sin2ϑd−2
∂2
(∂ϑd−1)
2 .
One can easily see that L2 satisfies the following recursion relation:
L2(k+1) = −
1
sink−1ϑd−k
∂
∂ϑd−k
sink−1ϑd−k
∂
∂ϑd−k
+
L2(k)
sin2ϑd−k
. (12)
In order to find the eigenfunctions and the eigenvalues of L2, we benefit
from the resemblance with the rotational group SO(3), where its eigenfunc-
tions, i.e. its irreducible representations, are Ylm(ϑ, ϕ). One can write the
eigenvalue relation for L2(d) as
L2(d)Yld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1) = ld−1(ld−1+d−2)Yld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1).
(13)
Now, we prove that Yld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1) are the eigenfunctions of
L2(d), that is they are the irreducible representations of the group SO(d)
which satisfy equation (13) as well as the following∫
dΩY ∗ld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1)Yl′
d−1
l
′
d−2
···l
′
2l
′
1
(ϑ1, ϑ2, · · · , ϑd−1) =
= δld−1l′d−1
δld−2l′d−2
· · · δl2l′2δl1l′1 ,
where Yld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1) are the hyperspherical harmonics.
In order to find an expression in which the eigenvalues of L2(k) hold, and
to obtain the corresponding differential equation, we write
L2(k+1)Ylklk−1···l1(ϑ1, · · · , ϑk−1) = lk(lk + k − 1)Ylklk−1···l1(ϑ1, · · · , ϑk−1), (14)
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L2(k)Ylklk−1···l1(ϑ1, · · · , ϑk−1) = lk−1(lk−1+k−2)Ylklk−1···l1(ϑ1, · · · , ϑk−1) . (15)
From eqs. (12) and (14, 15), we derive the following differential equation:
lk(lk+k−1)C((k−2)/2)lk,l(k−1) (cosϑk) = −
1
sink−1ϑk
∂
∂ϑk
sink−1ϑk
∂
∂ϑk
C
((k−2)/2)
lk,lk−1
(cosϑk)+
+
lk−1(lk−1 + k − 2)
sin2ϑk
C
((k−2)/2)
lk,lk−1
(cosϑk) , (16)
where
Ylklk−1···l1(ϑ1, · · · , ϑk−1) = C((k−2)/2)lk,lk−1 (cosϑk)Ylk−1lk−2···l1(ϑ1, · · · , ϑk−2) .
Eq. (16) is the most general differential equation in which C
((k−2)/2)
lk,lk−1
(cosϑk)
are satisfied. To solve this equation, we put
xk = cosϑk
Hence the associated Gegenbauer differential equation [8]:
[
1
(1− x2k)(k−2)/2
d
dxk
(1− x2k)k/2
d
dxk
+ lk(lk + k − 1)− lk−1(lk−1 + k − 2)
1− x2k
]
×
× C((k−2)/2)lk,lk−1 (xk) = 0 (17)
To solve eq. (17), we consider first the case in which the last term is
absent, that is
[
1
(1− x2k)(k−2)/2
d
dxk
(1− x2k)k/2
d
dxk
+ lk(lk + k − 1)
]
C
((k−2)/2)
lk,lk−1
(xk) = 0 ,
(18)
of which we get the following solution:
C
((k−2)/2)
lk,lk−1
(xk) = alk
1
(1− x2k)(k−2)/2
(
d
dxk
)lk [(
1− x2k
)lk+(k−2)/2]
.
The normalization condition determines the coefficient alk
alk =
[
(k − 2)!Γ(lk + k/2 + l/2)√
pi(2lk + k − 2)!(lk + k/2− l)!
]1/2
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Now, in order to solve eq. (17), we note that having differentiated eq. (18)
m times, where m = lk−l, we obtain the following equation:
(
1− x2k
) d2
dx2k
C
(m)
lk
(xk) + (−kxk − 2mxk) d
dxk
C
(m)
lk
(xk)+
+ [1−m(m− 1)− km+ lk(lk + k − 1)]C(m)lk (xk) = 0. (19)
The solution of eq. (19) can be shown to be
C
(m)
lk
(xk) = u(xk)C
((k−2)/2)
lk,lk−1
(xk). (20)
Now, substituting eq. (20) in eq. (19), we obtain
(
1− x2k
)
C
′′ ((k−2)/2)
lk,lk−1
(xk) +
[
2
u
′
u
(
1− x2k
)
− kxk − 2mxk
]
C
′ ((k−2)/2)
lk,lk−1
(xk)+
+
[(
1− x2k
) u′′
u
− (kxk − 2mxk)u
′
u
lk(lk + k − 1)− km−m(m− 1)
]
×
× C((k−2)/2)lk,lk−1 (xk) = 0 (21)
In order that the differential equation (21) preserves its initial form, i.e. eq.
(18), the following relation must hold:
(
1− x2k
)2 u′
u
− 2mxk = 0 (22)
From eq. (22) we get
u(xk) =
(
1− x2k
)
−m/2
Note that differentiating once from eq. (22) with respect to x and ap-
plying condition (22) on eq. (21), we get eq. (17). This indicates that the
proposed solution (20) is the solution of the equation (17):
C
lk−1
lk
(xk) = γ
(
1− x2k
)(lk−1)/2 ( d
dxk
)lk−1
Clk(xk). (23)
Orthonormality determines the coefficient γ of eq. (23):
γ = (−1)malk
(lk + k +m− 2)!
(lk + k −m− 2)! .
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Having obtained the general solution of the differential equation (17), now
we write down the explicit form of the hyperspherical harmonics as
Yld−1···l1(ϑ1, · · · , ϑd−1) =
= C
ld−2
ld−1
(cosϑd−1)C
ld−3
ld−2
(cosϑd−2) · · ·C l2l3 (cosϑ3)C l1l2 (cosϑ2)Cl1(cosϑ1)
which satisfy the orthonormality relation.
We complete this section by calculating the dimension of the irreducible
representation of group SO(d). To do this we remind ourselves that traceless
symmetrical tensors Ti1i2···il are also irreducible representations of that group.
So we calculate the number of permutations of the indices of the tensor T .
The result is
gl(lk) =
(lk + d− 1)!
(d− 1)!lk!
Since the tensors are traceless, therefore the degeneracy number is calculated
by the following relation:
g(lk) = gl(lk)− (lk + d− 3)!
(d − 1)(lk − 2)! =
(2l + d− 2)(lk + d− 3)!
(d− 2)!lk! , k = d−1 (24)
4. Solution of the radial Schrodinger equation with potential 1/r
in d-dimensions
consider the following Schrodinger equation(
− h¯
2
2µ
∇2 + V (r)
)
ψ(r) = Eψ(r) (25)
with the central potential defined as
V (r) = −k
r
,
where k is a constant and r is the radius of a d-dimensional sphere:
r =
√√√√ d∑
i=1
x2i
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with the Laplacian defined by eq. (11). Inserting the Laplacian in eq. (25),
we get [
−L
2
r2
+
1
rd−1
∂
∂t
(
rd−1
∂
∂t
)
+
2mk
h¯2r
+
2mE
h¯2
]
ψ(r) = 0 (26)
On separating the variables according as
ψ(r) = R(r)Yld−1ld−2···l2l1(ϑ1, ϑ2, · · · , ϑd−1)
and making use of the eigenvalue equation of the spherical harmonics i.e. eq.
(13), the differential equation (26) transforms into
R
′′
(r) +
d− 1
r
R
′
(r) +
[
2mk
h¯2r
+
2mE
h¯2
− ld−1(ld−1 + d− 2)
r2
]
R(r) = 0 (27)
This is the radial differential equation in d-dimensions, by means of which
one can calculate the energy spectrum. To do this, we consider first the
asymptotic behavior of R(r) :
R(r) = rαeiβrYn(r) (28)
where Yn(r) are the confluent hypergeometric functions. Substituting eq.
(28) into eq. (27) one can see that Yn(r) satisfy the confluent hypergeometric
equation
rY
′′
n (r) + (2α+ 2iβr + (d− 1))Y
′
n + [α(α− 1)
1
r
+ 2iαβ − rβ2+
+α(d−1)1
r
+iβ+(d−1)+2mk
h¯2
+
2mEr
h¯2
−ld−1(ld−1+d−2)1
r
]Yn(r) = 0 (29)
We know that the general form of confluent hypergeometric differential equa-
tion are of the following form
xY
′′
(x) + (c− x)Y ′(x)− aY (x) = 0 (30)
In otder that eq. (29) reduces to the standard form (30), the parameters α
and β must satisfy
α = ld−1 , β =
2mE
h¯2
(31)
With a change in variable as
2iβr = −x
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the eq. (29) becomes
xY
′′
n (x)+[(2ld−1 + d− 1)− x] Y
′
n(x)−
[
ld−1 +
d− 1
2
− imk
βh¯2
]
Yn(x) = 0. (32)
Now, in order to have a polynomial solution to eq.(32), we must have
ld−1 +
d− 1
2
− imk
βh¯2
= −j, (33)
with j as a positive integer. Combining eqs. (31) and (33), the energy spec-
trum for the Schrodinger equation in d-dimensions can be easily obtained:
En =
−mk2
2h¯2
(
n + d−1
2
)2 .
where ; n = j + ld−1.
Note that this is exactly the same as the one we obtained in Section 2., i.e.
eq.(10).
In conclusion, we see that Schrodinger equation with potential 1/r has an
accidental degeneracy in any arbitrary dimension. The corresponding spec-
trum can be found by the representation of its degeneracy group, that is
SO(d+ 1) in d spatial dimensions.
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